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Abstract
Today there is considerable interest in surgical simulators for training, operation planning, and outcome prediction. Surgical simulation often involves
real-time computation of the deformations of visco-elastic human-body tissues and providing users with both graphic and haptic rendering. As humans
are more sensitive to small haptic discrepancies than visual ones, good force
rendering requires a refresh rate of 500Hz or more, which is far beyond the capabilities of current simulation techniques. If the simulator runs on a remote
server, limited bandwidth, network latency and variance often compromise
satisfactory haptic rendering. To address these problems, a new interpolation/extrapolation data structure - the Forcegrid - is proposed, which makes
it possible to approximate forces at rates greater than 500Hz, regardless of
the complexity of the model of the simulated object. The forcegrid is designed for haptic interaction during continuous contact. It is a regular grid
defined over the virtual workspace, in which every vertex contains a force
calculated from the reaction forces computed at previous simulation cycles.
The controller of the haptic device exploits the forcegrid to render forces at
the appropriate rate. The two key algorithms associated with the forcegrid
are an extrapolation algorithm that updates the forces contained in the grid
vertices at every simulation cycle (≈ 30Hz) and an interpolation algorithm
that computes the force to be rendered on the haptic device (≈ 500Hz).
The forcegrid has been implemented and successfully experimented with on
numerous virtual deformable objects.
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Introduction
Over the past few years there has been considerable research in modeling
deformable objects. See [1] and [2] for reviews of human tissue modeling
and cloth simulation, respectively. An important domain of application is
surgical simulation, which can be used for training, planning operations,
and predicting surgical outcomes. In many cases, it is necessary or highly
desirable to perform the computer simulation in real-time.
Most human-body soft tissues are visco-elastic. Simulating their deformations consists of computing their successive shapes over time. The key
feedback is subjective realism. In surgical simulation, this often means that
graphic animation alone is not enough and it is critical to also provide force
feedback on a haptic device (a mechanical linkage with actuated joints). This
device is used to position a model of a surgical instrument in a virtual environment containing objects and to render the reaction forces resulting from
contacts between an object and the instrument. Several experiments have
shown that the combination of visual and haptic feedbacks provides users
with a more realistic experience than graphic feedback alone. [3] [4] [5].
Real-time graphic animation requires the shape of the objects to be updated at 30 Hz or more. This is already a challenging problem. A number
of computational and modeling techniques - e.g. mass-spring meshes [17]
[6] [7] and finite-element methods [8] [9] - have recently been proposed that
provide reasonably satisfactory solutions for elastic objects. A typical technique computes internal forces throughout the model of an object E and
derives the deformation of E from these forces. A natural by-product of this
computation is the reaction force exerted by E on the surgical instrument.
However, as humans are more sensitive to small haptic discrepancies than to
visual ones, good force rendering requires a refresh rate of 500Hz, or more,
which is far beyond the capabilities of current simulators. In the near future,
the expected increase in computational power is more likely to serve more accurate and visually pleasing graphic animations than to feed haptic devices
at 500Hz. Moreover, a fair prospect in many surgical applications is that
the simulator will run on a remote computer, connected to the controller of
the haptic device by a LAN or the Internet and even small network latency,
delays, or inconsistencies can compromise satisfactory haptic interaction.
To address this difficulty, we propose a new interpolation/extrapolation
data structure - the forcegrid - which makes it possible to approximate the
reaction force to be rendered on the haptic device at rates greater than
2

500Hz, regardless of the complexity of the model of the simulated object.
The forcegrid is a structure in which we cache previous results generated by
the simulator and that the haptic device controller exploits to render forces
at the appropriate rate. It is a regular grid placed over the virtual workspace,
in which every vertex contains a force. The two key algorithms are the forcefilling algorithm, which extrapolates the results returned by the simulator to
update the vertex forces, and the interpolation algorithm, which computes
the force to be rendered. The forcegrid is independent of both the modeling
and computational techniques used by the simulator and the simulation rate.
It is also independent of the specific values of the mechanical properties of
the elastic object (e.g. distribution of mass, damping and stiffness).
Chapter 1 reviews prior work and concepts used in our research and experiments. Chapter 2 describes the forcegrid and its associated methods.
Chapter 3 describes our implementation and our experiments with the forcegrid. Finally, Chapter 4 discusses limitations of the current techniques and
proposes remedies to eliminate them.
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Chapter 1
Project presentation
1.1

Mass-spring meshes deformation

The algorithms developed for real time (30 Hz+ refresh frequency) tissue
deformation can be classified in three groups : based in mass-spring systems
(Delingette’s method [11]), based in deformable splines (Terzopoulos’ method
[12]) and based in finite elements methods (FEM) [13] [14]. [10].
We develop the mass-spring system method, in which soft tissues are
represented by meshes of nodes, edges and faces. Each node has a position,
a velocity, an applied force and a mass. Each edge links two nodes and can be
considered as a spring with a spring constant that is either fixed or function
of the elongation of the edge (non linear approach). Edge-elongation based
forces are applied throughout the entire mesh. Each face is triangular and is
just used to graphically display the outer surface of the soft tissue. A face
does not possess any physical property (see Figure 1.1).
However, using the same mesh structure, we also experiment with new
simulation methods that apply edge-configuration based forces instead of
edge-elongation based forces.
All of our simulation methods use step by step computation of dynamics equations with high order approximations when equation integration is
needed.

4

Figure 1.1: 3D shape of a soft tissue represented by a mass-spring system.

1.2

Force feedback issues

The simplest data exchange protocol between the simulator and the haptic
device is described in figure 1.2. The haptic device sends the position of the
tip of the tool through the internet (through a controller), and the simulator
sends back the force vector to be rendered for that position. This protocol is
very efficient for low latency networks and simple soft tissues for which the
computation of the forces doesn’t take too much time (see figure 1.2).
A number of different techniques have been proposed to improve the
quality of haptic feedback during the interaction with an elastic object.
The technique proposed in [15] computes a reaction force that is proportional to the penetration depth of the surgical instrument (relative to the
surface of the deformable object at rest). The rendered forces are thus only
loosely related to the physical model of the object.
In [16] the haptic simulator achieves greater speed by using a much smaller
mesh (to model the deformable object) than the one used by the graphic
simulator. One difficult issue is to make sure that the two different meshes
provide consistent results.
A “buffer model” is proposed in [22], which is defined as a local physical
model of the deformable object. The haptic device interacts with this simpli5
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Figure 1.2: The simplest data exchange protocol used to render forces computed by the simulator.

fied model, which is a numerical function, whose parameters are periodically
adjusted to optimize the fit with the data produced by the simulator. Our
forcegrid bears some similarities with this buffer model. However, the forcegrid is not a local model, but a global data-caching structure. While every
parameter adjustment in the buffer model of [22] leads to forgetting past results, our forcegrid exploits all previous simulation results. We believe that
it is also easier to use, as it does not require selecting a numerical function
adapted to the mechanical properties of the object. On the other hand, the
buffer model of [22] may give better results during a cutting operation or if
the mechanical properties of the object have hysteresis (see Chapter 4).
In [19] fast online computations are achieved by pre-computing forces
for a number of deformations. This is an appealing approach, but it suffers
from two drawbacks. First, the contact point of the instrument with the
object is often not known in advance. Second, forces are computed as linear
combinations of relatively sparse pre-computed forces, while human-body
tissues are often non-linear.
In [21] extrapolation techniques over time and position are used to estimate reaction forces between two time steps of the graphic simulation. The
forcegrid also uses some form of extrapolation technique to fill the forcegrid, but it makes better use of the data flow produced by the simulator. By
caching the results successively produced by the simulator, it takes advantage
of several of them to compute a new reaction force.
6

1.3

Improving the update rate during continuous contact

There are different types of interactions between a surgical tool and an object. A surgeon can poke, grab, cut or sutter an object. We focused on the
improvement of the haptic simulation of grabbing interations.
In virtual simulation, a grabbing interaction can be decomposed in two
phases. First, the user grabbs a part of the virtual model. Then, holding on
to this part, he/she moves the virtual tool around. This causes the virtual
model to deform and the user to feel corresponding reaction forces. The
forcegrid method makes it possible to overcome the low update rate in that
second phase, during which we consider that the tool and the grabbed part
are in continuous contact. The forcegrid is elaborated with the forces it gets
from the simulator, at 30Hz. Then, using the forcegrid, the haptic controller
is able to interpolate a new force vector for any position of the sensor, at the
haptic rate (500Hz).
For this method to work, the deformable objects must present no hysteresis effect, so that the values of the forces used to build the forcegrid remain
valid for future interpolations.
As soon as the user releases the grabbed part and grabbs another part of
the object, a brand new forcegrid has to be built from scratch. Indeed, the
force field in the haptic world is completely changed by such an action.
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Chapter 2
The Forcegrid
2.1

The Concept of a Forcegrid

We consider a haptic device with three degrees of freedom, which produces
a desired 3-D force at a point, called the operational point, selected in the
last link of the haptic device. We map the operational point to a point P in
a virtual workspace W . By extension, we also call P the operational point.
For simplification, but with no loss of generality, we see W as a rectangular
parallelepiped. If this is not the case, we enclose the actual workspace by
a parallelepiped W and some regions of W are simply not reachable by P .
Each axis of the workspace coordinate system is set parallel to edges of W .
Figure 2.1 illustrates.
W contains a virtual elastic object E. A mechanical model of E is given
to a simulator that can compute the object’s deformations when external
forces are applied to points in its surface. The simulator tends to bring the
object to equilibrium at each computation step, according to the deformations that the object undergoes. Consider the situation where P is in contact
with the surface of E. We consider this contact to be sticky, so that any further motion of P yields a deformation of E. The simulator computes this
deformation and renders it on a graphic display in real-time. Our goal is to
also render on the haptic device the reaction force exerted by E on P . In
practice, we attach a real surgical instrument to the tip of the haptic device.
The user moves this instrument, which causes a model of the instrument to
move accordingly in the virtual workspace. An efficient collision-detection
technique (see Chapter 3) detects the occurrence of a contact between the

8

Figure 2.1: Virtual deformable vena cava in workspace W . W is the space
that the tip of the surgical tool can reach.

9

simulated instrument and E. The point of contact on the instrument is then
chosen to be the operational point P .
We assume that the simulator computes the deformation of E at roughly
30Hz, and provides the value of the reaction force F~ exerted by E at P .
The forcegrid allows an approximation of the reaction force to be rendered
on the operational point at rates on the order of 500Hz, or greater, independent of the complexity of the model of E. It is essentially a data-caching
structure which memorizes previous force computation results. The haptic
device controller exploits this data structure concurrently to render forces at
the desired rate. More precisely, the forcegrid is defined as a regular grid G
of vertices placed over W , in which every vertex V contains a force F~V . See
Figure 2.2.

Fv
v
Figure 2.2: A portion of a forcegrid.
In the ideal case, F~V is the reaction force that would be exerted by E at
P if P were located at V . It is not practical to fill G with forces prior to
interacting with E. Indeed, the contact point is not known in advance, and
filling G when the contact occurs introduces delay. Therefore, we propose in
Sections 2.2 and 2.3 a method that computes and updates approximations
10

of the ideal forces while the haptic device is interacting with E. Whenever
the controller of the haptic device needs to render the reaction force at P
(≈ 500Hz), it localizes P in the grid and interpolates among the forces
labeling neighboring vertices. We now describe the interpolation function.

2.2

Interpolation in a forcegrid

Let W = [0, X]x[0, Y ]x[0, Z] and (px +1)x(py +1)x(pz +1) be the size (number
of vertices) of G. We define: δx = pXx , δy = pYy , δz = pZz . Each cell of G is a
parallelepiped whose edges have lengths δx , δy and δz .

z
F7

v7

(i,j+1,k+1)

F4

v8(i+1,j+1,k+1)

F6

v4(i,j,k+1)
F3
F1
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F

P

y F2
v3(i,j+1,k)

v1(i,j,k)

v6(i+1,j,k+1)
F5

v5(i+1,j+1,k)
v2(i+1,j,k) x

Figure 2.3: A cell of the forcegrid and its vertex forces.
The real coordinates of a vertex V of G are of the form (i.δx , j.δy , k.δz ),
where i = 0, 1, ..., px , j = 0, 1, ..., py , and k = 0, 1, ..., pz . We identify each
vertex V by its integer coordinates (i, j, k). Similarly, we identify each cell c
of G by its vertex (i, j, k) with the smallest indices (i < px − 1, j < py − 1,
and z < pz − 1). Hence, the 8 vertices of c are obtained by forming all combinations of indices in {i, i + 1}, {j, j + 1}, and {k, k + 1} (See Figure 2.3).
Given the position (x, y, z) of the operational point P in W , the cell c that
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contains P is obtained by computing:
i = b δxx c, j = b δyy c, and k = b δzz c

Z

F8

F7

F4
1
z

F6
Fp

P
Y

F5

F3

F1 y 1
0

V1 (i,j,k)

F2
x

1

X

Figure 2.4: The interpolated force is based on the local x, y and z coordinates.

To simplify the calculations, we normalize c to be the parallelepiped
[0, 1]x[0, 1]x[0, 1] and we redefine (x, y, z) to stand relative to a coordinate
system whose origin is vertex (i, j, k) (see Figure 2.4). Hence, (x, y, z)  [0, 1]
x[0, 1]x[0, 1]. Let F~1 , F~2 , ..., F~8 denote the forces in the 8 vertices of c, as depicted in Figure 2.4. We express the reaction force F~ at P as the following
combination:
F~P = ~a + x.~b + y.~c + z.d~ + x.y.~e + x.z.f~ + y.z.~g + x.y.z.~h
~ ~e, f~, ~g and ~h are forces computed from the forces at
where ~a, ~b, ~c, d,
the 8 vertices:
At (0, 0, 0), F~ = F~1 = ~a
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At
At
At
At
At
At
At

(1, 0, 0),
(0, 1, 0),
(0, 0, 1),
(1, 1, 0),
(1, 0, 1),
(0, 1, 1),
(1, 1, 1),

F~
F~
F~
F~
F~
F~
F~

= F~2
= F~3
= F~4
= F~5
= F~6
= F~7
= F~8

= ~a + ~b
= ~a + ~c
= ~a + d~
= ~a + ~b + ~c + ~e
= ~a + ~b + d~ + f~
= ~a + ~c + d~ + ~g
= ~a + ~b + ~c + d~ + ~e + f~ + ~g + ~h

The above 8 equations can be solved for ~a, ~b, ..., ~h, which yields the
forcegrid interpolation function (see Appendix B):
F~ = F~1 + x.(F~2 − F~1 ) + y.(F~3 − F~1 ) + z.(F~4 − F~1 )
+ x.y.(F~5 − F~3 − F~2 + F~1 )
+ x.z.(F~6 − F~4 − F~2 + F~1 )
+ y.z.(F~7 − F~4 − F~3 + F~1 )
+ x.y.z.(F~8 − F~7 − F~6 − F~5 + F~4 + F~3 + F~2 − F~1 )
Even when the forces F~1 through F~8 are exactly the reaction forces exerted
by E when the operational point is respectively located at each of the 8
vertices of c, the above function is still a linear approximation of the actual
value of F~ at other locations of P in c. However, in most situations (e.g.
no new contact between E and other objects occurs), the actual variation
of F~ when P moves is smooth, and the above approximation is satisfactory.
For instance, in a mass-spring model, forces at the mesh vertices are smooth
(differentiable) functions of the positions of the vertices. The accuracy can
be improved by increasing the resolution of G. The forcegrid interpolation
function defines a continuous force field over W . Indeed, one can verify that,
if P is located in a face bounding two cells or in an edge shared by four
cells, then the above formula gives the same value of F~ , independent of the
cell used. Although the first derivative (gradient) of F~ is not continuous
at the cell boundaries, we were unable to feel these discontinuities on the
haptic device. If needed, one could eliminate this discontinuity by using a
higher-degree interpolation function.
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2.3

Filling a Forcegrid

In this section we propose two techniques to fill the vertices of a forcegrid G
with forces. Both techniques work online, while the haptic device is interacting with an object E. The first technique - called the silent method - is
the simplest, and only uses the data computed (at ≈ 30Hz) by the graphic
simulator. The second technique - called the request method - requires that a
second copy of the simulator be available on a separate processor. Only the
silent method has been implemented and tested so far.

2.3.1

Silent method

One can see the silent method as one making the best possible use of the
limited flow of information provided by the graphic simulator. The simulator
computes at 30Hz the new shape of E along with the reaction force F~ at the
current location of P . At any one time during haptic interaction, each vertex
V of G contains a force F~V with a certain weight WV . Initially (i.e., when P
makes contact with E), every vertex of G contains the null force with weight
0. Next, every new force F~ computed by the simulator is used to update the
forces and weights stored in G. We use a “candle light” technique in which
the current location of P is seen as a punctual source of light illuminating
the forcegrid with an intensity that decreases with distance. In other words,
the influence of F~ is stronger on the vertices of G that are close to P than
on those that are further away. More precisely, let V be a vertex of G at
Euclidean distance d of P . The force and weight contained in V are updated
according to the forcegrid update formulae:
F~V ←

~
WV .F~V +w(d).F
WV +w(d)

WV ← WV + w(d),
where w(d) is a decreasing function that goes from 1 to 0 when d grows
from 0 to a given constant r, called the distance of influence of a reaction
force. There are two motivations for bounding the influence of a reaction
force: first, the value of F~ is likely to become irrelevant at positions that are
too far from the current P ; second, if G is dense, setting r small enough significantly reduces the cost of updating the forces in G.Many different weighting
functions could be used. The one that we use in our implementation is:
14

if d < r, w(d) = 1/(1 + d2 −

d
)
r(1+r 2 )

if d > r, w(d) = 0
Our experiments showed that r should be set to approximately 2−3 times
the distance that the operational point may traverse between two iterations
of the graphic simulator and that the resolution of G should be such that the
distances between two adjacent vertices are on the order of r/10 to r/5.
When r is big, each new reaction force sent by the simulator causes a
lot of forces and weights to be updated in the forcegrid. In order to keep
a high haptic rate, it is then possible to distribute the updates over several
consecutive haptic cycles, as described in Section 3.3.
Note that if P undergoes small motions relative to the resolution of G
during some extended period of time, the graphic simulator will compute
reaction forces at many points forming a dense cluster in W . Despite the
weighting mechanism described above, these forces could have, altogether, an
abnormally high impact on the vertex forces within radius r of the cluster’s
center. Therefore, we set a threshold s on the number of reaction forces
computed in a certain cell that can be used to update the forcegrid.

2.3.2

Request method

The request method explicitly asks the simulator to compute forces at specific locations of the operational point, called query positions. In most implementations, since the processor running the graphic simulator is already
busy, a separate processor running a copy of the simulator (without graphic
visualization) is needed to process the queries of the request method.
For each query position, the reaction force F~ must be computed. F~ is
then used to update the vertex and their weights in the forcegrid, using the
forcegrid update formulae as described for the silent method. The request
method should select the successive query positions in order to best fill the
forcegrid around the current P , and thus improve the accuracy of the forces
rendered on the haptic device. One way of doing this is to consider all the
cells whose centers are within some distance ρ of the current P . Typically,
ρ should be chosen roughly equal to the distance of influence r. The request
method selects the center of the cell that has received the fewest reaction
forces so far as the next query position. If there are several such cells, the
15

Force data
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controller

Force data
Direct cable connection

Haptic
device

Position data

Position data
Tasks:

Tasks:

Tasks:

* Simulates the deformations
of the virtual model due to
the haptic device status
* Computes and sends the
corresponding force
to be rendered

* Keeps forcegrid in memory
* Exploits the force data
received from the simulator
to update the forcegrid
* Interpolates and sends forces
to be rendered by the haptic device

* Renders the
forces sent by
the controller
* Sends its
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controller

Figure 2.5: The Silent method protocol: the haptic controller updates the
forcegrid with the data it gets from the simulator, without making any special
request. A new force can then be interpolated for any configuration of the
haptic device, using the forcegrid.

closest center to the current P is chosen. Obviously, several variant schemes
would achieve the same purpose. If implemented, the request method would
typically be run in complement to the silent method. Then its queries need
not be answered at any particular rate, or even at a constant one.

2.3.3

Comparison of the two methods

The request method is more accurate
In the request method, the haptic controller receives forces from the simulator
that are located at vertices of the forcegrid. This ensures that a force stored
at the vertex V in the forcegrid was mostly influenced by a force that was
computed by the simulator for this exact location. On the contrary, the
silent method never gets forces computed especially for the vertices of the
forcegrid. With the silen method, a force stored at a vertex V was built from
force values computed for surrounding locations, but not especially for V .
Thus, in addition to the fact that forces generated by the haptic controller
are linear approximations of forces stored at the vertices of the forcegrid, the
silent method builds a forcegrid of approximated forces.
This is a theoretical drawback though as in practice, we were unable to
16
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Tasks:

Tasks:

* Simulates the deformations
of the virtual model due to
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to be rendered by the haptic device

* Renders the
forces sent by
the controller
* Sends its
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controller

Figure 2.6: The Request method protocol: the haptic controller asks the forces
it needs at the query positions.

feel a loss of accuracy with the silent method. Moreover, the comparison of
off-line results with results obtained with the silent method do not show any
inaccuracy (see Section 3.3).
The silent method is much simpler to implement
The silent method is transparent to the simulator. No requests are made and
the haptic controller does not need anything else than forces corresponding
to the tool’s positions, which the simulator computes anyway. The request
method is much more demanding for the simulator, as two models must run
at the same time. The Forcegrid method was implemented to improve situations where the update rate of the simulator is low. If we ask one simulator
to run the two models, the update rate will likely be divided by two, and
the quality of the graphic display may become unacceptable. Thus, we must
have two computers running two separate copies of the simulator, one for
each model. This brings lots of implementation issues, as any modification
performed on one model must also be performed on the other (elastic properties modifications, extrusion, cutting...). This requires an implementation in
which all commands of the simulator can be sent through the internet from
one computer to the other, and thus a modification of the simulator program
in almost every part.
17

Chapter 3
Implementation and
experiments
3.1

System

We have developed a software system integrating a forcegrid and conducted
experiments. The current system only uses the silent method, as described
in Section 2.3 and Figure 2.5.
The forcegrid software (implemented in C++) runs on the controller of
the haptic device, whose processor is a 500MHz Intel Celeron. The compiled
code is rather small (approximately 40Kbytes for the code, and 1Mbytes for
the grid). In our system, we use the PHANTOM Desktop of SensAble Technologies. It is important that the haptic device has extremely low friction
and inertia to provide satisfactory interaction with an elastic object. Not all
available devices satisfy this requirement. The architecture used to drive the
PHANTOM set the update rate to the constant rate of 500Hz. In order to
keep such a high update rate, the forcegrid calculations should not take more
than 2ms per haptic cycle to complete.
The graphic simulator runs on a Sun Microsystems Ultra 60 workstation,
and uses the mass-spring technique described in [17] and [18], with either
linear or non-linear springs. However, the forcegrid software is independent
of the modeling and computational techniques used by the simulator.
The interaction protocol between the simulator and the forcegrid is Internet protocol UDP, which does not require the forcegrid to acknowledge
received data, nor the simulator to wait until acknowledgement has been re-
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ceived. The haptic device controller and the simulator can be connected by
a simple serial line, a LAN, or through the Internet.
Initially, the forcegrid only contains null forces and the user moves the
surgical instrument near deformable objects. A collision checker detects the
occurrence of the contact between the instrument and any object [17] and
returns the contact point. At this instant, the reaction force is null or very
small. It takes 1/30 second for the simulator to return its first reaction force.
During that short period of time the forces rendered on the haptic device is
the null force. As long as the haptic device is moved at reasonable velocity,
this small delay is imperceptible to the user, since the deformation of the
object and the actual reaction forces are small anyway. Once the simulator
has returned a force, the forcegrid is filled with non-zero forces.
We experimented with various resolutions of the forcegrid and several
values of the distance of influence r. With the PHANTOM Desktop, a grid
of size 50 x 50 x 50 with r = 1/6 of the size of W gave quasi-optimal results.

3.2

Examples

As usual, it is difficult to report on interactive haptic experiments in a paper. Since our mass-spring software allows us to easily describe new models
of deformable objects, we have experimented with numerous models. Subjective haptic fidelity, as assessed by people internal and external to our group,
was reported to be excellent. Forces were rendered smoothly and realistically, with no perceptible discontinuities or tremors. We experimented with
a deformable model of a stomach. Figure 3.1(a) shows the stomach at rest,
and figure 3.1(b) represents a deformation generated with our soft tissue deformation method. The underlying structure of that stomach is a mesh of
4, 000 vertices (point masses) and 11, 000 links (springs). Figure 3.2 shows
the stomach in a surgical training environment with other human organs and
surgical tools.
In one experiment, we input three different models having the same geometry at rest, but distinct mechanical parameters. In one model spring
stiffness was uniformly set higher than in another model, while in the third
model, stiffness varied greatly across the mass-spring mesh. Users were consistently able to correctly distinguish among these three models with only
haptic interaction, and no visual feedback. In contrast, they were unable to
do so with only visual feedback.
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Figure 3.1: Deformable stomach. (a): at rest. (b): deformed with our soft
tissue deformation method.

3.3

Quantitative evaluation

We measured the running times of the modules implementing forcegrid interpolation and filling. The forcegrid interpolation, including the localization
of P in the grid and the evaluation of the interpolation function, takes 5µs.
The forcegrid filling takes time linear in the number of grid vertices within
the influence distance r from P. Updating the force for one vertex takes 1µs.
In a 50 x 50 x 50 grid with r set to 1/6 of the size of the workspace, forces
are updated for roughly 3, 000 vertices. Thus, a complete forcegrid filling
operation takes 3, 000 ∗ 1µs = 3ms. To keep a high haptic rate, the 3, 000
update operations were split over consecutive update cycles of the haptic
device. One haptic cycle takes 2ms at the update rate of 500Hz. This allows 2, 000 vertices to be updated per haptic cycle (2, 000 ∗ 1µs = 2ms). In
fact, with a simulation update rate of 30Hz, the simulator only sends a new
reaction force to the controller every 33ms. Therefore, splitting the update
operations allows up to 33, 000 vertices to be updated per forcegrid filling
operation, by groups of 2, 000. Even with dense forcegrids, updating 33, 000
vertices per simulation cycle is more than enough.
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Figure 3.2: The deformable stomach in a surgical training environment with
other human organs and surgical tools.
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We also attempted to estimate the errors in the rendered forces by comparing the forces rendered through different techniques. We generated a
sinusoidal movement of the instrument grabbing the surface of an object in a
direction ∆ orthogonal to the surface of the object, with a changing of speed.
We recorded simultaneously the position of the tool along the axis ∆ and the
projection of the reaction forces along that axis. We imposed realistically
heavy testing conditions: the object used was sophisticated (10, 000 vertices
and 35, 000 links), and the simulator was running at 30Hz.

Figure 3.3: Trajectory of the operational point and forces rendered with
different techniques.
Figure 3.3 shows the trajectory of the tip of the tool and 3 other curves
that represent different reaction forces produced by 3 techniques. t = 0 is the
instant when the contact is detected with the deformable object. The first
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curve plots streaming forces Fs , i.e. forces that the simulator computes and
sends according to the position of the operational point it receives from the
controller. The second curve represents forcegrid forces Fg , forces rendered
through our forcegrid implementation, using the silent method to fill the
forcegrid. Finally, the last curve represents off-line forces Fo , actual forces
that would be rendered if the simulator had an infinite time to compute
the reaction force between each haptic cycle. Fs is actually the force that
the controller receives in the forcegrid implementation, and with which it
produces Fg . The curve representing Fs presents delayand jerkiness due to
the 30Hz simulation rate and undergoes the inaccuracy produced by the
simulation method when the movements are too fast. After a short initial
adaptation period, Fg eliminates all these problems. The curves representing
Fg and Fo become very similar whenever the operational point comes close
to previously visited positions, regardless of the speed of the tool. Figure
3.4 presents the instantaneous errors of Fg and Fs with respect to Fo , for the
same movement as in Figure 3.3. Note that the error for Fg tends to decrease
over time, but the error for Fs increases when the tool moves faster. The
computational delay imposed by the simulator is an important factor for the
accuracy of Fs .

Figure 3.4: Instantaneous errors of Fg and Fs .
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Chapter 4
Future work
4.1

More than 3 degrees of freedom

In the current form of the forcegrid, the haptic device must have three degrees
of freedom and there can be only one instrument (hence, a single operational
point) interacting with the deformable object. If the haptic device had six
degrees of freedom (and was able to render torques as well), the forcegrid
would have to be a 6-D grid and its size could become prohibitive. Similarly,
if there were several haptic devices simultaneously interacting with the same
object (each carrying a different surgical instrument), we could encode the
positions of the various operational points in a single forcegrid - hence, if
there are n haptic devices with 3 degrees of freedom each, the forcegrid
would be a 3n-D grid. But, again, its size would likely be prohibitive. A
6-dof haptic device would be particularly useful to render contacts other
than point contacts, such as contacts over small surface areas (since the
deformable object tends to locally conform to the rigid instrument), as well
as multiple contacts (an instrument may have several disconnected contacts
with a deformable object). Multiple haptic devices are needed to simulate
two-hand or multi-surgeon surgery.
One way of dealing with many degrees of freedom is to drop the regular
grid. Instead, we may consider the configuration space of all the haptic devices interacting with the deformable object. We can store the forces/torques
computed by the simulator at the configurations where these computations
took place. Over time, we will get forces over an irregular distribution of
points, instead of a grid. To render forces/torques at the current configura-
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tion of the haptic devices, we then identify the p closest configurations where
the forces/torques have been previously computed by the simulator, and we
interpolate among those forces/torques. Range techniques exist to efficiently
identify closest neighbors in a metric space of any dimension [26].

4.2

Treating discontinuities

The forcegrid assumes that the behavior of the deformable object is smooth.
In practice, however, discontinuities may occur. The occurrence of the contact between the surgical instrument and the deformable object is already
one such discontinuity. Other discontinuities occur if, while deforming, the
object makes contact with other objects (deformable or not) and with itself
(self-collisions). As long as discontinuity events are sparse over time, it is
possible to switch to a new forcegrid at each event. Some discontinuities,
like the occurrence of new contacts, can be quickly detected by using hierarchical [17] or feature-tracking techniques [24], or a combination of both
[23]. When discontinuities occur over extended period of time (e.g., while
an instrument slides on the surface of the deformable object or cuts through
it [25]), the forcegrid is no longer an appropriate tool. Indeed, previously
computed forces are no longer valid, hence caching them is useless. A similar
situation occurs if the elastic behavior of the deformable object has some
hysteresis (but most existing simulators are unable to cope with hysteresis
anyway). To deal with this issue, we could “forget” old forces and update the
forcegrid accordingly. However, the forcegrid would lose some of its appeal
and its updating would be more costly. In those cases, the buffer model of
[22] or the simpler interpolation method of [21] might be better choices.

4.3

Anticipation with the request method

In the request method, the tool does not have to be in a certain area for the
controller to request information about that area. We can imagine that the
requests made to the simulator anticipate the position where the tool will
be in a near future. This anticipation can be based on the direction and
amplitude of the velocity of the tool at any instant. This quantitative data is
directly accessible to the haptic controller, so there would be no extra delay
introduced.
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4.4

Extrapolation

In the forcegrid implementation we described, we use the values of the 8
forces F~i at the 8 vertices of the cell c that contains P to interpolate a force
vector F~ in P . If P were outside of c, we could still use the values of the F~i to
compute a force vector in P . This force vector would then be an extrapolation
~i . We would still use the formula we derived in Section 2.2 for F~ ,
of the F
except that this time, the coordinates x, y and z of P would be outside of
the interval [0, ...1]. See Appendix A for a graph of the 2D interpolation of
a scalar value outside of the delimited area (figure 3).
The extrapolation would be done during the grid building process: the F~i
themselves would be extrapolated. In the filling implementation we described
in Section 2.3, the algorithm weights the force F~ received for P and updates
a nearby force F~i for the vertex Vi based on the distance from P to Vi .
~i in that process is F~ and
However, the actual value that contributes to F
not an extrapolation of F~ . Using an extrapolation of F~ seems more relevant
as it would spread forces throughout the forcegrid using space orientation
information, and not only distance information.
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Conclusion
The forcegrid structure presented in this paper offers a number of advantages over previous haptic rendering techniques. It is independent of the
modeling and computational techniques used to simulate the deformations
of the virtual elastic object. It is also independent of the cycle time of the
simulator and of the specific parameters of the physical model of the elastic
object (mass, stiffness, damping, incompressibility, etc.). It is particularly
easy to implement and the total compiled code is quite small, so that it can
easily run on the local processor of any haptic device. It provides stable
haptic behavior for a wide range of values of the forcegrid parameters. Experiments with many modeled objects have shown that it yields satisfactory
haptic interaction.
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Appendix A

Interpolating a scalar value
in a 2D world
If we have four scalar values S1 , S2 , S3 , and S4 associated with four points
P1 , P2 , P3 and P4 at the four corners of a square in a 2-D plane, we can interpolate a scalar value S at any position P inside the square. We place two
coordinate axes X and Y (see figure 1) and use a formula of the form:
S = a + b.x + c.y + d.x.y
where a, b, c and d are variables which depend on the four values S1 , S2 ,
S3 , and S4 .
We solve the equation with the following border conditions:
At
At
At
At

(0, 0),
(1, 0),
(0, 1),
(1, 1),

S = S1 = a
S = S2 = a + b
S P = S3 = a + c
S P = S4 = a + b + c + d

Thus we get:
a = S1
b = S 2 − S1
c = S 3 − S1
d = S 4 − S3 − S2 + S1
and the final formula for S is:
S = S1 + x.(S2 − S1 ) + y.(S3 − S1 ) + x.y.(S4 − S3 − S2 + S1 )
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1

S = f(Si ),
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P3

y
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S2
x

1P2

X

Figure 1: A scalar value S can be interpolated in P knowing the four corner
values S1 , S2 , S3 , and S4 .
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We can draw S as a function of the 2-D position of P , for P at every
location inside or outside of the square delimited by P1 , P2 , P3 and P4 (see
figures 2 and 3).
P in the square with S1 = S4 = 0 and S2 = S3 = 10
10

Scalar value

8

6

4

2

0
1
0.5

Y

0

0

0.4

0.2

0.6

0.8

X

Figure 2: Graph of S for P in the square. x and y vary between 0 and 1
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1

P in and out of the square, with S1 = 0 and S2 = S3 = S4 = 10
30

20

Scalar value

10

0

−10

−20

−30
2

1

0

−1

−1

0.5

0

−0.5

Y

1

1.5

2

X

Figure 3: Graph of S for P inside (surelevated) and outside of the square. x
and y vary between −1 and 2
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Appendix B

Interpolation function
for the forcegrid
The interpolation method used in the Forcegrid implementation is an
extension of the method described in Appendix A. This time, we have vector
values in a 3-D domain instead of scalar values in a 2-D domain. As stated
in the report, we compute a new force F~ at tool’s position P based on the
normalized coordinates x, y and z of P in the local cell formed by the 8
vertices surrounding P (See figures 4 and 5).
Global approach
~i of the 8 surrounding vertices
The dependence between F~ and the 8 forces F
is established by solving the following equation F~ :
F~P = ~a + x.~b + y.~c + z.d~ + x.y.~e + x.z.f~ + y.z.~g + x.y.z.~h
~ ~e, f~, ~g and ~h are forces computed from the forces at
where ~a, ~b, ~c, d,
the 8 vertices:
At
At
At
At
At
At
At
At

(0, 0, 0),
(1, 0, 0),
(0, 1, 0),
(0, 0, 1),
(1, 1, 0),
(1, 0, 1),
(0, 1, 1),
(1, 1, 1),

F~
F~
F~
F~
F~
F~
F~
F~

= F~1
= F~2
= F~3
= F~4
= F~5
= F~6
= F~7
= F~8

= ~a
= ~a + ~b
= ~a + ~c
= ~a + d~
= ~a + ~b + ~c + ~e
= ~a + ~b + d~ + f~
= ~a + ~c + d~ + ~g
= ~a + ~b + ~c + d~ + ~e + f~ + ~g + ~h
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F7

V7(i,j+1,k+1) F8
V8(i+1,j+1,k+1)

F6

F4

V4(i,j,k+1) Fp
F1

F3

V1(i,j,k)

V6(i+1,j,k+1)

P

F5

F2

V3(i,j+1,k)

V5(i+1,j+1,k)
V2(i+1,j,k)

Figure 4: V1 is the nearest vertex to P that has its three space coordinates
smaller than those of P . The interpolation uses the 8 forces F~i located at
the 8 vertices Vi of the cell containing P . If the coordinates of V1 in the 3-D
matrix are (i, j, k), those 8 forces are determined by the indices shown on the
figure.
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Figure 5: The interpolated force is based on the local x, y and z coordinates.

34

Thus we get:
~a = F~1
~b = F~2 − F~1
~c = F~3 − F~1
d~ = F~4 − F~1
~e = F~5 − F~3 − F~2 + F~1
f~ = F~6 − F~4 − F~2 + F~1
~g = F~7 − F~4 − F~3 + F~1
~h = F~8 − F~7 − F~6 − F~5 + F~4 + F~3 + F~2 − F~1
and the final formula for F~ is:
F~ = F~1 + x.(F~2 − F~1 ) + y.(F~3 − F~1 ) + z.(F~4 − F~1 )
+ x.y.(F~5 − F~3 − F~2 + F~1 )
+ x.z.(F~6 − F~4 − F~2 + F~1 )
+ y.z.(F~7 − F~4 − F~3 + F~1 )
+ x.y.z.(F~8 − F~7 − F~6 − F~5 + F~4 + F~3 + F~2 − F~1 )

Step by step approaches
We can consider other approaches to find this final formula. In figure 6, we
label the points A, B, C, D, E and F , projections of P on the 6 faces.
We consider 6 force vectors F~A , F~B , F~C , F~D , F~E and F~F associated with
those points. We use the interpolation formula described in Appendix A for
a each coordinate of those vectors to interpolate their values. In order to
do so, we consider the 4 forces at the 4 vertices of the face on which the
point lies. Then, we interpolate a final value for a force F~ in P by linearly
interpolating between two computed vectors in A and F , or B and E, or C
and D. This is a 2-D then 1-D linear approach.
Doing so, we get the following formulas for the 6 force vectors, as func~i , i = [1, 2...8] :
tions of the F
F~A = F~1 + x.(F~2 − F~1 ) + y.(F~3 − F~1 ) + x.y.(F~5 − F~3 − F~2 + F~1 )
F~B = F~1 + x.(F~2 − F~1 ) + z.(F~4 − F~1 ) + x.z.(F~6 − F~4 − F~2 + F~1 )
F~C = F~1 + y.(F~3 − F~1 ) + z.(F~4 − F~1 ) + y.z.(F~7 − F~4 − F~3 + F~1 )
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Figure 6: Considering other points for a 2-D then 1-D linear approach
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F~D = F~2 + y.(F~3 − F~2 ) + z.(F~6 − F~2 ) + y.z.(F~8 − F~6 − F~3 + F~2 )
F~E = F~3 + x.(F~5 − F~3 ) + z.(F~7 − F~3 ) + x.z.(F~8 − F~7 − F~5 + F~3 )
F~F = F~4 + x.(F~6 − F~4 ) + y.(F~7 − F~4 ) + x.y.(F~8 − F~7 − F~6 + F~4 )
Then we think of F~ , the force value in P , as a linear unidimensional interpolation between A and F on the line (AF ) or between B and E on the
line (BE) or between C and Don the line (CD).
We write:
F~ = F~A + z.(F~F − F~A )
or F~ = F~B + y.(F~E − F~B )
or F~ = F~C + x.(F~D − F~C )
Those three ways to interpolate F~ give the same formula for F~ , which is
the one we also get with the global approach. We are always doing simple
linear interpolations. We can also think of the 1-D then 2-D linear approach,
or even the 1-D, 1-D and 1-D linear approach, and they will all yield the
same formula for F~ .
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